In this paper we construct combinatorial bases of parafermionic spaces associated with the standard modules of the rectangular highest weights for the untwisted affine Lie algebras. Our construction is a modification of G. Georgiev's construction for the affine Lie algebra sl(n + 1, C)-the constructed parafermionic bases are projections of the quasi-particle bases of the principal subspaces, obtained previously in a series of papers by the first two authors. As a consequence we prove the character formula of A. Kuniba, T. Nakanishi and J. Suzuki for all non-simply-laced untwisted affine Lie algebras.
Introduction
The parafermionic currents present a remarkable class of nonlocal vertex operators with variables in fractional powers. First examples of parafermionic currents were introduced by A. B. Zamolodchikov and V. A. Fateev [ZF] in the context of conformal field theories in two dimensions. Generalizing their work, D. Gepner [G] constructed a family of solvable parafermionic conformal field theories related to the untwisted affine Kac-Moody Lie algebras at the positive integer levels. Roughly speaking, the main building block for such conformal field theories is the so-called parafermionic space, which is spanned by the monomials of coefficients of the parafermionic currents. By studying a certain correspondence between the aforementioned conformal field theories and the Thermodynamic Bethe Ansatz, A. Kuniba, T. Nakanishi and J. Suzuki [KNS] conjectured the character formulas of the parafermionic spaces associated to the untwisted affine Lie algebras at the positive integer levels. These character formulas, which can be expressed as Rogers-Ramanujan-type sums, were proved by G. Georgiev [G2] in the simply laced case. In this paper, we prove the character formulas of Kuniba, Nakanishi and Suzuki in the non-simply laced case, thus completing the verification of their conjecture. Now we describe the main result of this paper, the construction of the so-called parafermionic bases. Let
be the affine Kac-Moody Lie algebra associated with the simple Lie algebra g of rank l. Denote by α 1 , . . . , α l the positive simple roots of g. Let Λ 0 , . . . , Λ l be the fundamental weights of g. Consider the standard g-modules L(Λ) , i.e. the integrable highest weight modules for g, of highest weight Λ of the form (1) Λ = k 0 Λ 0 + k j Λ j for k 0 , k j ∈ Z 0 such that k = k 0 + k j > 0 with j as in (1.8). Let W L(Λ) be the principal subspace of L(Λ) . The notion of principal subspace goes back to B. L. Feigin and A. V. Stoyanovsky [FS] . These subspaces of standard modules posses the so-called quasi-particle bases, which we denote by B W L(Λ) . The bases are expressed in terms of monomials of quasi-particles, i.e. of certain operators x nα i (r) ∈ End L(Λ), i = 1, . . . , l, which are applied on the highest weight vector v L(Λ) of L(Λ). The quasi-particles are organized into mutually local vertex operators
, n 1, i = 1, . . . , l.
The significance of the quasi-particle bases lies in the interpretation of the sum sides of various Rogers-Ramanujan-type identities which they provide. Such bases were established by B. L. Feigin and A. V. Stoyanovsky [FS] for g of type A 1 . Their results were further generalized by G. Georgiev [G1] to g of type A l for all principal subspaces W L(Λ) of the highest weight Λ as in (1). Finally, the quasi-particle bases of W L(Λ) for all Λ as in (1) were constructed by the first author for g of types B l , C l , F 4 , G 2 [Bu1, Bu2, Bu3, Bu5] and by the first and the second author for g of types D l , E 6 , E 7 , E 8 [BK].
The major step towards finding the parafermionic bases is the construction of the suitable bases of the standard modules. This construction relies on the quasi-particle bases of the corresponding principal subspaces from [Bu1, Bu2, Bu3, Bu5, BK, FS, G1] . Consider the subalgebras h ± = h ⊗ t ± C [t] of g, where h is a Cartan subalgebra of g. We express the bases for L(Λ) as
where e µ denote the Weyl group translation operators parametrized by the elements of the coroot lattice Q ∨ of the simple Lie algebra g, the set B U ( h − ) is the Poincaré-Birkhoff-Witt-type basis of the universal enveloping algebra U( h − ) and B ′ W L(Λ) is a certain subset of B W L(Λ) . We verify that set (2) spans L(Λ) by using the relations among quasiparticles and arguing as in [Bu1, Bu2, Bu3, Bu5, BK] . On the other hand, our proof of linear independence relies on generalizing Georgiev's arguments originated in [G1] to standard modules for all untwisted affine Lie algebras.
Next, we turn our attention to the vacuum space of the standard module L(Λ),
The direct sum decomposition of the standard module,
defines the projection
In parallel with Georgiev's construction in the g = sl l+1 case [G2] , by considering the image of (2) with respect to the projection, we find the following basis of the vacuum spaces L(Λ) h + for g of other types,
Recall the Lepowsky-Wilson's Z-operators
which commute with the action of the Heisenberg subalgebra h + ⊕ h − ⊕Cc on the standard module L(Λ); see [LW1, LP1] . Their coefficients Z nα i (r) can be regarded as operators
It is worth noting that the projection π h + maps the formal series
. In fact, the elements of vacuum space bases (3) are of the form e µ b ′ v L(Λ) , where µ ∈ Q ∨ and b ′ is a monomial of Z-operators Z nα i (r) whose charges and energies satisfy certain constraints. Finally, we consider the parafermionic spaces. The notion of parafermionic space in the g = sl l+1 case, which can be directly generalized to the simply laced case, was introduced by G. Georgiev [G2] . Unfortunately, his definition relies on the lattice vertex operator construction which we do not have at our disposal in the non-simply laced case. Therefore, we had to slightly alter the original approach. Introduce the integers k α i = 2k/ α i , α i defined with respect to the suitably normalized nondegenerate invariant symmetric bilinear form ·, · on h * . We define the parafermionic space of highest weight Λ as
where L(Λ) h + µ denote the µ-weight subspaces of the vacuum space L(Λ) h + . In the simply laced case, such definition turns into original Georgiev's notion of parafermionic space. We should mention that, in the non-simply laced case, there exists another, related notion of the parafermionic space which, in contrast with (4), possesses a generalized vertex operator algebra structure; see [Li] . However, as we do not make use of the generalized vertex algebra theory in this paper and the construction in (4) is easy enough to handle, there was no need to adapt our setting to that of [Li] .
As with the simply laced case [G2] , we can define the parafermionic projection
. By employing the projection, we obtain our main result, the construction of bases of the parafermionic spaces of highest weights Λ as in (1) which are given by
These bases generalize Georgiev's construction [G2] to the non-simply laced types. In order to handle the elements of bases (5), we introduce the parafermionic currents of charge n 1 by
for i = 1, . . . , l, where z −nα i /k is a certain operator on the vacuum space L(Λ) h + . The coefficients ψ nα i (r) can be regarded as operators L(Λ) h + Q(k) → L(Λ) h + Q(k) . Moreover, the elements of parafermionic space bases (5) are of the form b ′′ v L(Λ) , where b ′′ is a monomial of operators ψ nα i (r) whose charges and energies satisfy certain constraints and v L(Λ) now denotes the image of the highest weight vector with respect to the parafermionic projection.
The characters of conformal field theories, as well as their connection to Rogers-Ramanujan-type identities, were extensively studied in physics literature; see, e.g., [BG, DKKMM,GG,KKMM,KNS] and the references therein. In particular, fermionic formulas related to certain tensor products of standard modules, which generalize those in [KNS] , were studied in [HKKOTY, HKOTY] and, more recently, in [DFK, Lin] , in the setting of quantum affine algebras. The problem of developing the precise mathematical foundation for parafermionic conformal field theories led to important generalizations of the notion of vertex operator algebra; see, e.g., the book by C. Dong and J. Lepowsky [DL] . In particular, as demonstrated by H.-S. Li [Li] , the vacuum space L(kΛ 0 ) h + possesses the structure of generalized vertex algebra. Hence it is equipped by a certain grading operator L Ω (0); see also [DL, G2] . We show that the corresponding induced operator on the parafermionic space L(Λ) h + Q(k) is the parafermionic grading operator. More specifically, we check that the elements of parafermionic basis (5) are its eigenvectors. Finally, we use their so-called conformal energies, i.e. the eigenvalues of the parafermionic basis elements with respect to L Ω (0), to calculate the characters for the parafermionic spaces, thus recovering the character formulas of A. Kuniba, T. Nakanishi and J. Suzuki [KNS] .
1. Preliminaries 1.1. Modules of affine Lie algebras. Let g be a complex simple Lie algebra of rank l, h its Cartan subalgebra and R the system of roots. Let Q ⊂ P ⊂ h * and Q ∨ ⊂ P ∨ ⊂ h be the root, weight, coroot and coweight lattices respectively. Let ·, · be a nondegenerate invariant symmetric bilinear form on g. Using the form one can identify h and h * via α, h = α(h) for α ∈ h * and h ∈ h. We fix the form so that α, α = 2 if α is a long root.
Fix simple roots α 1 , . . . , α l and let R + (R − ) be the set of positive (negative) roots. Denote by θ the highest root. We take labelings of the Dynkin diagrams as in Figure 1 .
Simple roots span over Z the root lattice Q. The coweight lattice P ∨ consists of elements on which the simple roots take integer values. The coroot lattice Q ∨ is spanned by the simple coroots α ∨ i , i = 1, . . . , l, and the the weight lattice P is spanned by the fundamental weights ω i , i = 1, . . . , l, defined by ω i , α ∨ r = δ ir for each i, r = 1, . . . , l, (cf. [H] ). We have a triangular decomposition g = n − ⊕ h ⊕ n + , where n ± = α∈R ± n α , and n α is the root subspace for α ∈ R. For every positive root α, we fix x ±α ∈ n ±α and α ∨ ∈ h such that
Consider the untwisted affine Lie algebra
for all x, y ∈ g, m, n ∈ Z (cf. [K] ). Here, traditionally, we denote x ⊗ t m by x(m). For an element x ∈ g denote the generating function of x(m) by
If we adjoin the degree operator d, where
we obtain the affine Kac-Moody Lie algebra g = g ⊕ Cd.
Define the following subalgebras of h = h ⊗ C [t, t −1 ] ⊕ Cc:
Then s is a Heisenberg subalgebra of g. Denote by M(k) the irreducible s-module with c acting as a scalar k (cf. [K] ). As a vector space, M(k) is isomorphic to the U( h − ). The form ·, · on h extends to h ⊕ Cc ⊕ Cd. Using this form we identify h ⊕ Cc ⊕ Cd with its dual (h ⊕ Cc ⊕ Cd) * . The simple roots of g are α 0 , α 1 , . . . , α l and the simple coroots are α ∨ 0 , α ∨ 1 , . . . , α ∨ l . For each α denote by sl 2 (α) the affine Lie subalgebra of g of type A
(1) 1 with the canonical central element c α = 2c α,α . Let Λ 0 , Λ 1 , . . . , Λ l be the fundamental weights of g. Denote by L(Λ) the standard gmodule with the highest weight vector v Λ of the highest weight
(1) l , j = 1, . . . , l for g of type C
(1) l , j = 4 for g of type F
(1) 4 , j = 2 for g of type G
2 .
Note that the standard module L(Λ) of level k can be regarded as an integrable sl 2 (α)module of level k α = 2k α, α .
Consider the following subalgebras of g
We define the principal subspace W L(Λ) of L(Λ) as
(cf. [FS] ). In [Bu1, Bu2, Bu3, Bu4, Bu5, BK, G1] the bases of the principal subspaces W L(Λ) for the affine Lie algebras g of different types were described in terms of quasi-particles, which we introduce in the following subsection.
The level k standard g-modules are modules for this vertex operator algebra. We will consider the vertex operators (1.9)
, for a fixed positive integer r and a fixed integer m define the quasi-particle of color i, charge r and energy −m as the coefficient x rα i (m) of (1.9).
1.3. Quasi-particle bases of the principal subspaces of standard modules. Denote by M QP the set of all quasi-particle monomials of the form
. . . n 1,i for all i = 1, . . . , l and b(α i ) denotes the submonomial of b consisting of all color i quasi-particles. We now introduce some terminology (cf. [Bu1, Bu2, Bu3, G1] ). The charge-type of the monomial b is defined as the l-tuple
The dual-charge-type of b is defined as the l-tuple
where r (n) i denotes the number of quasi-particles of color i and of charge greater than or equal to n in the monomial b and s i = n 1,i . The charge-type and the dual-charge-type of monomial (1.10) can be represented by the l-tuple of diagrams, so that the i-th diagram corresponds to b(α i ). In the i-th diagram, the number of boxes in the n-th row equals r (n) i and the number of boxes in the p-th column equals n p,i , where the rows are counted from the bottom and the columns are counted from the right. Clearly, the charge-type and the dual-charge-type of monomial (1.10) can be easily recovered from such diagrams; see Figure 2 .
The energy-type of b (see [BK] ) is given by
l ,l − · · · − m 1,l − · · · − m r (1) 1 ,1 − · · · − m 1,1 . For every color i, 1 i l, we introduce the total charge of color i
and also the total charge of the monomial b
Following [G1] (see also [Bu1, Bu2, Bu3 , BK]) we say that the monomial b is of color-type
On the set of monomials in M QP of the fixed total energy and h-weight we introduce the linear order "<" as follows. We write
where R ′ and E denote the charge-type and the energy-type of the monomial b and we write R ′ < R ′ with R ′ = n r (1) l ,l , . . . , n 1,1 , if there exists u ∈ N, such that n 1,i = n 1,i , n 2,i = n 2,i , . . . , n u−1,i = n u−1,i and u = r (1) i + 1 or n u,i < n u,i , starting from the color i = 1; in a similar way we define the order "<" for energy-types.
Set
For any j = 1, . . . , l as in (1.8) let
Theorem 1.1. For any integer k > 0 the set
Denote by M ′ QP ⊂ M QP the set of all quasi-particle monomials as in (1.10) with no quasi-particles x kα i α i (r) for i = 1, . . . , l. Finally, we introduce the set
1.4. Character formula for principal subspaces. We write
(1 − aq i−1 ) for r 0 and (a; q) ∞ = i 1
(1 − aq i−1 ).
For any dual-charge-type R, as given by (1.11), which satisfies
Theorem 1.1 implies the following character formulas:
where the sum in (1.13) goes over all dual-charge-types R satisfying (1.12).
. , l and m, n 1.
denotes the number of quasi-particles of color i and charge t in monomial (1.10). Note that the integers
i . Organize all elements P i into the l-tuple P = (P l , . . . , P 1 ). Using the notation
one can express character formula (1.13) as
where the sum goes over all finite sequences P = (P l , . . . , P 1 ) of k α 1 +. . .+k α l nonnegative integers. In particular, observe that for Λ = k 0 Λ 0 = kΛ 0 we have B P (q) = 1, so the character formula takes the form
In the end, note that
( 1.17) 1.5. Weyl group translation operators. For every root α ∈ R we define on the standard module L(Λ) of level k the Weyl group translation operator e α ∨ by [K] ). The map α ∨ → e α ∨ extends to a projective representation of the root lattice Q ∨ on L(Λ) such that e α ∨ e −α ∨ = 1.
We will use the following relations on the standard g-module L(Λ), which are consequence of the adjoint action of e α ∨ on g (cf. [K, FK] , see also [P] ):
On the highest weight level k g-module the formal power series E − (h, z)E + (h, z) is well defined. We have
Note that
Hence on the highest weight level k g-module Lepowsky-Wilson's Z-operators 
1.7. Vertex operator formula. From x (kα+1)α (z) = 0 on L(Λ) follows that exp(zx α (z)) is well defined. Then we have a generalization of the Frenkel-Kac [FK] vertex operator formula
for a vector v µ of h-weight µ (see [LP1, P] ). The h-weight components of the vertex operator formula (1.26) give relations
where k α = p + q, p, q 0.
2. Quasi-particle bases of standard modules 2.1. Spanning sets for standard modules. We consider standard modules L(Λ) of the highest weight Λ given by (1.7).
Lemma 2.1. For any standard module we have:
Proof. Since g is generated by the Chevalley generators e i and f i , i = 0, . . . , l, the standard module L(Λ) is clearly the span of noncommutative monomials in x ±α i (m), i = 1, . . . , l and m ∈ Z, acting on the highest weight vector v Λ . By using the vertex operator formula (1.26) on L(Λ) we can express x −α i (m) in terms of x α i (m ′ ), the Weyl group translation operator e −α ∨ and a polynomial in U( h). By using the commutation relations (1.18)-(1.22) we see that (i) holds. Since monomials in coefficients of E − (−α i , z) span U( h − ), one can prove that (i) implies (ii) by using relation (1.28) for q = 0 and commutation relations (1.18)-(1.22).
Remark 2.2. The second statement in Lemma 2.1 implies that
is a spanning set of L(Λ). However this is not a basis. For example, in the sl 2 -module L(Λ 0 ) we have the relation
For the elements h = h α l · · · h α 1 , h = h α l · · · h α 1 ∈ B U ( h − ) of fixed degree, we will write h < h if (1) (r t l ,l , . . . , r 1,1 ) < (r t l ,l , . . . , r 1,1 ) or (2) (r t l ,l , . . . , r 1,1 ) = (r t l ,l , . . . , r 1,1 ) and (j t l , . . . , j 1 ) < (j t l , . . . , j 1 ), where the order "<" in (1) and (2) is defined in the same way as the linear order on chargetypes in Subsection 1.3. For the purpose of proving the next lemma we now generalize the linear order on the quasi-particle monomials, as defined in Subsection 1.3, as well as the linear order on the elements of B U ( h − ) , to the set
as follows. For any two vectors e µ hbv Λ , e µ ′ hbv Λ in (2.1) of fixed degree and h-weight denote the color-types of b and b by C and C respectively. We write e µ hbv Λ < e µ ′ hbv Λ if one of the following conditions holds:
Introduce the set Proof. Suppose that Λ = kΛ 0 . By Lemma 2.1 (i), the set of vectors
Now, we have
spans L(Λ). If a quasi-particle monomial b contains a quasi-particle x kαα (m), we use the relation (1.28) to replace it with e α ∨ and monomials of the Heisenberg subalgebra elements. By using commutation relations (1.22) and (1.23), we move e α ∨ and the elements of h − to the left, and the elements of h + to the right. As a result, we get a linear combination of monomials
, and quasi-particle monomials b ′ contain one quasi-particle x kαα (m) less than b and do not necessarily satisfy the difference conditions. Hence we can reduce the spanning set of L(Λ) to set (2.1).
We can now prove the lemma by using the linear order "<" and applying the arguments from [Bu1,Bu2,Bu3,BK] (almost) verbatim to (2.1). More precisely, we use [Bu4, Lemmas 2.3.1 and 2.3.2] and the relation (1.28) to reduce spanning set (2.1) to its subset B L(Λ) . The aforementioned lemmas from [Bu4], which are a consequence of the commutation relations in g, were used in [Bu1, Bu2, Bu3 ,BK] to reduce the spanning set of the principal subspace of the generalized Verma module of highest weight Λ (cf. [Bu4, BK]). As for the principal subspace W L(Λ) of level k, we also need the following relations on L(Λ):
x pα (z) = 0 for p > k α .
We can combine these relations with (1.28) in order to eliminate all vectors whose quasiparticle monomials contain x kαα (j) from spanning set (2.1).
By applying [Bu4, Lemma 2.3.1] to eliminate all vectors e µ hbv Λ such that the quasiparticle monomial b does not satisfy the difference conditions, we obtain vectors with quasi-particle monomial factors of the form x (n ′ +1)α i (m ′ ). The vectors whose factors satisfy n ′ + 1 < k α i are greater with respect to the linear order "<", just like in [Bu1, Bu2, Bu3, BK] . On the other hand, if n ′ + 1 = k α i , we use relation (1.28) to express x (n ′ +1)α i (m ′ ) in terms of e α ∨ and Heisenberg Lie algebra elements, thus obtaining vectors e µ ′ h ′ b ′ v Λ such that chg b ′ < chg b, so again the resulting vectors are greater with respect to "<".
Finally, since [Bu4, Lemma 2.3.2] relates quasi-particle monomials of the same total charge and total energy, we can eliminate the vectors e µ hbv Λ such that the quasi-particle monomials b do not satisfy the difference conditions by arguing as in [Bu1, Bu2, Bu3, BK] .
The general case Λ = k 0 Λ 0 + k j Λ j with k j > 0 is verified analogously. However, the argument employs two additional results, [Bu5, Lemmas 2.0.1 and 2.0.2].
The main theorem. Consider the decomposition
where L(Λ) r = r 2 ,...,r l ∈Z L(Λ) kΛ| h +r l α l +···+r 2 α 2 +rα 1 .
By complete reducibility of tensor products of standard modules we have
In the proof of Theorem 2.4 we will use the Georgiev-type projection
1 , . . . , r (kα 1 ) 1 ) is a fixed dual-charge type for the color 1 and r 1 = kα 1 t=1 r (t) 1 . The projection can be generalized to the space of formal series with coefficients in (2.2). We denote this generalization by π Rα 1 as well. Recall that the image of
(1) 1 ,1 α 1 (m r (1) 1 ,1 ) . . . x n 1,1 α 1 (m 1,1 ) is of dual-charge-type R α 1 , coincides with the coefficient of the corresponding projection of the generating function e µ (α ∨ l,− (w t l ,l )) r t l ,l . . . (α ∨ 1,− (w 1,1 )) r 1,1 x n r (1) l ,l α l (z r (1) l ,l ) . . . x n 1,l α l (z 1,l ) . . . x n r
(1) 1 ,1
For more details see for example [BK, Section 5.2].
Theorem 2.4. For any highest weight Λ as in (1.7) the set B L(Λ) is a basis of L(Λ).
Proof. We prove linear independence of the spanning set B L(Λ) by slightly modifying the arguments in [Bu1, Bu2, Bu3, Bu5, BK] . We consider a finite linear combination of vectors in B L(Λ) ,
of the fixed degree n and h-weight ρ. Our goal is to show that all coefficients c µ,h,b are zero. Since e ν , ν ∈ Q ∨ , is a linear bijection and since (1.20) implies that for any h-weight ψ the image of V ψ under the action of e α ∨ i is in V ψ+kα i α i , we may assume that for all summands in (2.4) with the monomial b of the maximal chg 1 b the corresponding µ has α ∨ 1 coordinate zero. That is, we assume that in (2.4) appear summands of the form
In the sum (2.4), among the monomials b with chg 1 b = r 1 , choose a monomial b 0 with the maximal charge type R ′ α 1 and the corresponding dual-charge-type
for the color i = 1, where p < k α 1 and r 1 = r
(1)
Our key observation is that for the vectors of the form (B) we have π Rα 1 (e µ ′ h ′ b ′ v L(Λ) ) = 0, since
This means that the π Rα 1 projection of the sum (2.4) contains only the projections of the summands of the form (A). Hence we can proceed with Georgiev-type argument, i.e. with iterated use of the simple current operator, the Weyl group translation operator and the intertwining operators as demonstrated in [Bu1, Bu2, Bu3, Bu5, BK] and briefly outlined in [Bu4], until we reduce (2.4) to a linear combination of vectors e µ hbv Λ such that charge chg 1 b = 0, i.e. of vectors with no quasi-particles of color α 1 . Then we start with a similar argument for the color α 2 .
At some point of our argument we shall have to consider the linear combination of vectors projected from (2.4) such that chg 1 b = . . . = chg s−1 b = 0 for all b and chg s b = 0 for some b and a short root α s . Then k αs = 1 in the case g is of type D
(1) 
The action of the group element e α ∨ s increases the weight by k αs α s on each tensor factor and, in particular, it increases the weight by k αs α s on the last tensor factor. Therefore, our key observation again holds:
when chg s b ′ < r s , so we can proceed as in [Bu1, Bu2, Bu3, Bu5, BK] .
Parafermionic bases
3.1. Vacuum space and Z-algebra projection. Let Λ be the highest weight of level k as in (1.7). Denote by L(Λ) h + the vacuum space of the standard module L(Λ) , i.e.
(3.1)
By the Lepowsky-Wilson theorem [LW2] we have the canonical isomorphism of d-graded linear spaces
is the Fock space of level k for the Heisenberg Lie algebra s = h − ⊕ h + ⊕ Cc with the action of c as the multiplication by scalar k. We consider the projection
given by the direct sum decomposition
By (1.21) we have the action of the Weyl group translations e α ∨ on the vacuum space
We recall Lepowsky-Wilson's construction of Z-operators which commute with the action of the Heisenberg subalgebra s on the level k standard module L(Λ) ([LW1], see also [LP1, G2] ):
We also need Z-operators for quasi-particles of higher charge (3.6) Z nα (z) = E − (α, z) n/k x nα (z)E + (α, z) n/k and, even more general, for quasi-particle monomials of charge type R ′ = (n r (1) l ,l , . . . , n 1,1 ) 1 α 1 (z 1,1 ) . As usual, we write this formal Laurent series as
. . . z −m 11 −n 11 1,1 and the coefficients act on the vacuum space
Since we can "reverse" (3.7) and express monomials in quasi-particles in terms of the Laurent series Z R ′ (z r (1) l ,l , . . . , z 1,1 ), (3.8) implies
Now Theorem 2.4 implies:
Theorem 3.1. The set of vectors e µ Z R ′ (m r (1) l ,l , . . . , m 1,1 )v L(Λ) , such that µ ∈ Q ∨ and the charge-type R ′ and the energy-type (m r (1) l ,l , . . . , m 1,1 ) satisfy difference and initial conditions for B ′ W L(Λ) , is a basis of the vacuum space L(Λ) h + .
Proof. The images of elements of the basis B L(Λ) with respect to the projection π = π h + , form a spanning set for the vacuum space L(Λ) h + . Furthermore, as the projection annihilates all elements e µ hbv L(Λ) ∈ B L(Λ) with h = 0, the vectors e µ π(b)v L(Λ) span the vacuum space. Let ν be an arbitrary weight. The theorem now follows from (3.2) by comparing the dimensions of the subspace spanned by all vectors h · (e µ π(b)v L(Λ) ) of weight ν and the subspace spanned by all vectors e µ hbv L(Λ) of weight ν.
3.2. Parafermionic space and parafermionic projection. For ADE type untwisted affine Lie algebras Georgiev in [G2] uses lattice vertex operator construction V P of standard level 1 modules, where
Then for a level k standard module L(Λ) he uses the embedding (3.9)
This construction gives a diagonal action of the sublattice kQ ⊂ Q on V ⊗k P :
Georgiev defines the parafermionic space of highest weight Λ as the space of kQ-coinvariants in the kQ-module L(Λ) h + :
(3.10)
Note that in this case we have
In the non-simply laced case we do not have a lattice vertex operator construction at hand nor operators ρ(kα), so we have to alter Georgiev's construction: the map α ∨ → e α ∨ extends to a projective representation of Q ∨ on the vacuum space L(Λ) h + and the action of e α ∨ i gives isomorphisms of the h-weight subspaces
Note that in the simply laced case we have Q(k) = kQ. In the non-simply laced case, we define the parafermionic space of highest weight Λ as
For an h-weight µ = (Λ + m 1 α 1 + . . . + m l α l )| h there is a unique e p 1
Since L(Λ) h + is a direct sum of h-weight subspaces L(Λ) h + µ , the above maps define our parafermion projection in the non-simply laced case:
. Along with this definition of the parafermionic space and the corresponding projection, we keep in mind isomorphisms
which allow us to identify the h-weight subspaces L(Λ) h + Λ+µ and L(Λ) h + Λ+µ ′ with h-weights µ and µ ′ in the same class µ + Q(k) ∈ Q/Q(k).
We define parafermionic current as in [G2] :
and the parafermionic currents of charge n:
where in the last equality we also used (1.27). The statement of the lemma for n = 2 now follows by multiplying the equality by (1 − z 2 /z 1 ) β,β /k z β,β /k 1 and then applying the substitution z 1 = z 2 = z. The n > 2 case is verified by induction on n.
For given simple roots β r , . . . , β 1 and the corresponding sequence of charges n r , . . . , n 1 set Ψ nrβr,...,n 1 β 1 (z r , . . . , z 1 ) = Analogously to Lemma 3.2 we can show: Lemma 3.3. For any simple roots β r , . . . , β 1 and charges n r , . . . , n 1 we have Ψ nrβr,...,n 1 β 1 (z r , . . . , z 1 ) = × Ψ nrβr (z r )Ψ n r−1 β r−1 ,...,n 1 β 1 (z r−1 , . . . , z 1 ).
Proof. It is clear that (3.15) follows by successive applications of equality (3.16) so let us prove (3.16). As with the proof of Lemma 3.2, the following calculation relies on identities (1.24), (1.27) and (3.14) and the fact that the parafermionic currents commute with the action of the Heisenberg subalgebra. We have Ψ nrβr (z r )Ψ n r−1 β r−1 ,...,n 1 β 1 (z r−1 , . . . , z 1 ) Proof. Since (1.22) can be written as
The proof of the second statement is similar.
Since the coefficients ψ β (m) commute with all e α ∨ , in the simply laced case the subspace
is invariant for ψ β (m) and we have the induced operator
on the quotient (3.10).
In the non-simply laced cases we only have a projective representation ϕ → e ϕ of Q ∨ on a standard module or its vacuum space, i.e. e ϕ e ϕ ′ = c(ϕ, ϕ ′ )e ϕ+ϕ ′ for some non-zero constant c(ϕ, ϕ ′ ), but we can still define the induced operators ψ β (m) on the parafermionic space (3.11) as
That is, we apply first ψ β (m) : L(Λ) h + µ → L(Λ) h + µ+β , and then compose it with the projection ψ β (m) = π h + Q(k) •ψ β (m). If µ + β is not the chosen class in (3.11), but rather ν ∈ µ + β + Q(k), then we identify with the unique e ϕ two subspaces
A drawback of this construction is that for a composition of ψ β ′ (m ′ ) and ψ β (m) we may need two identifications by e ϕ ′ and e ϕ and for ψ β (m)ψ β ′ (m ′ ) we need only one identification by e ϕ+ϕ ′ so that we get
Having all this in mind, we omit the "overline" from our notation and consider the induced operators
on the parafermionic space. With such convention we shall also write
. Now Theorem 2.4 implies:
Theorem 3.5. For any highest weight Λ as in (1.7) the set of vectors
, such that the charge-type R ′ and the energy-type (m r (1) l ,l , . . . , m 1,1 ) satisfy difference and initial conditions for B ′ W L(Λ) , is a basis of the parafermionic space L(Λ) h + Q(k) .
We will use the following lemma to calculate the parafermionic character formulas.
Lemma 3.6. For any m ∈ Z, β ∈ Q and µ ∈ P we have
Proof. By combining (3.5) and (3.12) we can express x β (z) as
Applying the projection π h + kQ and then restricting to the µ-weight subspace L(Λ) h + µ we find
Finally, as k β = 2k/ β, β we have µ(β ∨ /k β ) = µ, 2β/ β, β · β,β 2k = µ,β k , so by taking the coefficients of z −m−1 in (3.18) we obtain (3.17), as required.
3.3. Parafermionic character formulas. The results of C. Dong and J. Lepowsky in [DL] on Z-algebras and parafermionic algebras for affine Lie algebras of ADE-type have been extended in [Li] ; in particular it is proved that the vacuum space Ω V of a Heisenberg algebra in a general vertex operator algebra V has a natural generalized vertex algebra structure and that the vacuum space Ω W of a V -module W has a natural Ω V -module structure (Ω W , Y Ω ) (see Theorem 3.10 in [Li] ). In our case the so-called parafermionic grading operator L Ω (0) = Res z zY (ω Ω , z), defined by (3.35) in [Li] Y
is the difference between the grading operators of the vertex operator algebras L(kΛ 0 ) and M(k), as in [DL, Chapter 14] and [G2] . By using the commutator formula for vertex algebras (cf. (3.1.9) in [LL] ) and Proposition 3.8 and Theorem 6.4 in [Li] we get Proof. From (3.12) follows that
The definition of Z-operators (see (3.5)) implies that the coefficient of z 0 k β · · · z 0 1 in (3.22) equals π h + ·x k β β (−k β )v L(Λ) , so by equating the coefficients of z 0 k β · · · z 0 1 in (3.22) we have π h + ·x k β β (−k β )v L(Λ) (3.23) = ψ β −1 + (k β − 1) β, β k · · · ψ β −1 + β, β k ψ β (−1)v L(Λ) .
From (3.20) and (3.23) follows that for a positive integer r we have (3.24) L Ω (0) π h + ·x rβ (m)v L(Λ) = −m − r 2 k β π h + ·x rβ (m)v L(Λ) .
Vertex operator formula (1.28) for q = 0 gives (3.25) e β ∨ v L(Λ) = 1 k β ! x k β β (−k β )v L(Λ) , and, by applying (3.24), we get L Ω (0)e β ∨ v L(Λ) = 0. Hence we have (3.26)
L Ω (0)e β ∨ v L(Λ) = e β ∨ L Ω (0)v L(Λ) = 0.
By Theorem 3.5 the action of parafermionic currents ψ β (m) on v L(Λ) generates the parafermionic space and commutes with e α ∨ for all α ∈ R. Hence lemma follows from (3.25) and (3.20).
The above lemma implies that L Ω (0) is a parafermionic degree operator on the parafermionic space. In order to determine the corresponding parafermionic character formula we first compute the conformal energy of ψ nβ (m).
Consider the right hand side of (3.13). The contribution of the coefficient of the parafermionic current Ψ β (z i ) with i = 1, . . . , n to the conformal energy of ψ nβ (m) equals −m i − 1 k β , where m 1 +. . .+m n = m. Moreover, each term z β,β s /k decreases the conformal and the numbers G mn ir are given by (1.14). Define
where B ′ P (q) is given by (1.17).
Theorem 3.8. For any highest weight Λ as in (1.7) we have
where the sum goes over all finite sequences P = (P l , . . . , P 1 ) of k α 1 + . . . + k α l − l nonnegative integers and D ′ P (q) and B ′ P (q) are given by (1.16) and (1.17).
Proof. By (1.15) the product
where G ′ P (q) is given by (1.16), counts all quasi-particle monomials (3.29), i.e., in terms of conformal energy, it corresponds to the first term corresponds to the parafermionic shift, i.e. to the remaining terms in (3.31). We now consider the parafermionic pairs which consist of a parafermion of color i and charge m and a parafermion of color r and charge n. More specifically, for fixed (3.36) i, r = 1, . . . , l, m = 1, . . . , k α i − 1 and n = 1, . . . , k αr − 1 we compute the contribution of all such pairs to the conformal energy of basis vector (3.30). In order to prove the theorem, we will demonstrate that, for fixed P, the sum of all such contributions for i, r, m, n as in (3.36) coincides with both the power of q in (3.35) and the difference of (3.31) and (3.34). Fix integers i, r, m, n as in (3.36). 
